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It is among the first nontrivial examples after introducing the technique of integration by parts to
compute the polynomial-type trigonometric integrals
I(m,n) = / cos™zsin" xdx, J(m,n)= /tanm xrsec” zdx,
where m,n € N. These integrals are homogeneous in nature, both of which are of the form

/P(f(x),g(m))dm, P(a,b) =a™b",
where the two pairs of functions (cos, sin) and (tan, sec) share analogous identities and derivatives:
sinz +cos’z =1, (sinz) =cosz, (cosz) = —sinz,

sec’r —tan’z =1, (secz) =tanzsecz, (tanz) = sec’z.

Now we compute the induction formula for I(m,n),
I(m,n) = / cos™ zsin" x dz

=— /cosm rsin” 2 d(cos )

—cos™ T wsin™ "t x + /cos zd(cos™ zsin™ ! z)

—cos™ M zsin" "z + /cos z(—mcos™ L zsin™ x + (n — 1) cos™ ! xsin" " z) dz
= —cos™ M asin "tz —mI(m,n) + (n— DI(m+2,n —2).

Similarly, for J(m,n),
J(m,n) = /tanm xsec” xdx
= /tanm xsec” 2z d(tanz)
=tan™ " zsec" 21 — / tanz d(tan™ x sec™ 2 x)

= tan™ " wsec" 2 — /tan r(mtan™ ! zsec” x + (n — 2) tan™ ! xsec” % x) da
=tan™ " xsec" 2z —mJ(m,n) — (n —2)J(m +2,n — 2).

The integrals can be drastically simplified if » is odd in I(m,n) or n is even in J(m,n):

n—1

sin"zdr = —(1—cos’>z) = d(cosz), sec”xdzr = (tan’x + 1)%2 d(tanx),

so that the integrands are reduced to polynomials by substitution of variables. By the symmetry of the
pairs (cos,sin) and (tan, sec), similar reductions are available if m is odd in both I(m,n) and J(m,n):

m—1

d(secz).

(sec2z — 1)

cos™ zdx = (1 — sin? x)mT_l d(sinz), tan™xdz =
secx



It remains to compute the cases I(2k, 2l) and J(2k, 2l + 1), and by applying their induction formulae,
it remains to compute the base case k = 0. Now we compute the induction formula for I(0,21),

1(0,20) = —coszsin® "t x + (20 — 1)I(2,2] — 2)
= —coszsin®lz+ (20— 1) /(1 —sin? z) sin? 2 z dz
= —coszsin® 1z + (20 — 1)1(0,21 — 2) — (21 — 1)1(0,21).
Similarly, for J(0,2] + 1),
J(0,20+1) = tanzsec? 1 x — (21 — 1).J (2,21 — 1)
= tanzsec? 1z + (21 — 1) /(1 —sec? z)sec? "tz dx
= tanxsec? 1z + (21 — 1)J (0,21 — 1) — (21 — 1)J (0,2 + 1).
Applying these induction formulae, it remains to compute the base case k = [ = 0, where
1(0,0) =z, J(0,1) =log[tanx + secz]|.

The induction formulae for I(0,2!) and J(0,2] 4+ 1) can be written as

20—1 sin?~1g
100.20) = == 1(0,21 = 2) — cosz
21 el
J(0,20+1) = == J (0,20 — 1) + tana 56‘32%

from which we derive their closed-form expressions:

l
1(0,2l) = a I(0,0)—costbjsian_lx ,
j=1
l .
J(0,21+1) = a J(O,l)+tanx2bjseczj_lx ,

j=1
where
_(2-1)" 2=
T 0 T i
Similarly, the induction formulae for I(2k,2l) and J(2k,2] 4+ 1) can be written as
2k —1 cos?* 1 gz sin?+1 g
I(2k,2l) = I(2k—2,21+2
2k —1 tan* 1z sec?t!
2k, 20+ 1) = — 2k — 2,21
J(2k,20+1) 21+1J( A+ + 20+ 1 ’
from which we derive their closed-form expressions:
k=1 ‘ 4
I(2k,210) = ¢ 1(0,2k + 21) + Z dl(gl) cosPH g sin?F+2=20=1 o
j=0
k—1 _ ‘ _
J(2k, 20 +1) = (=1)* ¢ J(0,2k + 20 + 1) + Z(—l)kﬂﬂd,(jl) tan? 1 psec?ht2-21-1 4
j=0
where
et — 2k — )20 — )N 49— (2k — D20 — )N .
(2k+20— 1)1 7 TR T (25 + D)2k + 21 — 25 — 1)!!

Constant C' is omitted throughout the computation.

In practice, the induction formulae are more useful, as closed-form expressions often do not exist for
more general integrals.



