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Problem. We aim to find the equivalent condition for the Mobius transform on the Riemann sphere

to be a rotation.
Let 7 : Coo — S? C R? be the (inverse) stereographic projection with

<722 L‘Ll) z# 00
r(z) = d \FPF1 2P ’
(0,1), z = 00.

For any matrix A € GL2(C), the Mobius transform py : Coo — Coo is uniquely determined by the
commutative diagram

C?\ {0} —2——C\ {0}

o

where ¢ : C? \ {0} - C is defined by

a 0
q(zl,ZQ)z{ZQ’ 227‘é ;

0, 2o = 0.
Combined with the stereographic projection, we have the commutative diagram

C2\ {0} ——2——C2\ {0}

o

Coo ———C
§2-- -t

where 14 : S? = S? is uniquely determined by u4 as an automorphism of S2.
We immediately compute, for any z = (21, 22) € C?\ {0},

22175 |z — |2)?
Toq(z) = 7

21 + 22l |21 + |22
which is true even if zo = 0. Thus for any z,w € C?\ {0},

2(:1 7 Wiws + FzowiWs) + (|21]° — [22]*) (jwa]” — [wa]*)
(121 + 22" (Jwr [* + [wa]*)

)

<7T © Q(Z)a ™o Q(W)>R3 =

where we have used the connection between Euclidean and Hermitian inner products:

1
(z,w)g2 = i(szrwz)

The Lagrange identity states that for z,w € C2, |z - w|* + |z x w|* = ||z [|w]|®, namely,

|17 + 203) + |21w2 — zowy|* = (|21]” + |22]?) (Jwn | + |wa ).



We deduce that the numerator
2217 Wiws + ZrzpwiWs) + (|21 = [z (lwn]” = |wal?)
= (|21 + |22/ (Jwi [* + [wal*) = 2|21 |* [wal* + |22 w1 |*) + 2(21Z2 Wrws + Fr 20w W)
= (l21)* + |22*) (Jwr|* + Jwa*) = 2[z1ws — 29wy
= 2|27 + 20W3|° — (|21 * + |22) (wn [ + [w2]?),
and consequently,

|17 + 203 |z w|’
(moq(z),moq(W))ps =2 —-1=2———=-1
N (a P (w + fws ) Iz )

By writing z = z/ ||z|| , w = w/ ||w]|, this can be further simplified to
(moq(z),moq(W))ga =2[2-W|* ~ 1.

We could have considered merely 7 o g|gs for the unit sphere S* € C?\ {0}, so that the hats can be
removed from z, w.

Indeed, 14 must be orientation-preserving. On one hand, 14 = 7 o puy o 7! shares the same
orientation with 4. On the other hand, since 4 = w + v is biholomorphic, by the Cauchy-Riemann
equation,

Ozu  Oyu
Ozv  Oyv
Then p4 is orientation-preserving, and so does pa. Additionally, it is well-known that O(n) = SO(n) x

72, where SO(n) <1 O(n) is the special orthogonal group of all rotations of S? when n = 3.
So far, for any A € GLo(C), the following facts are true:

det dp g = det < > = (0yu)? + (9yu)* > 0.

(moq(z),moq(w))ps =2z W[* — 1,
(moqo Az),m0qo A(W))gs =2 \,@.mf -1,
(moqoAz),moqo A(W))gs = (paomoq(z), paomoq(w))gs -
Since 7 o g is surjective,
[ta is a rotation <= 4 is orthogonal
s (om0 q(z). fia om0 (W) = (10q(2).To g(W))ga, V2w
— ‘AAZ.Zv\vj —z-W|, Vazw.
We are to show this is true if and only if A is conformal.
It remains a linear algebra problem to characterize all such A. Observe that the Hermitian matrix

B = A" A has a unitary diagonalization UT DU for a unitary U and diagonal D = diag{\;, A\o}. Writing
7z =Uz,w = Uw, and A’ = AU™!, we have (A")TA’ = D and

‘(z’)TDw” |(z’)Tw”
— 1oyl [T / Al
Az || [[Aw]| ]| {[w]]

Z/ !/

* W

— —_— ~ ~ —_— —_—
‘Az : AW‘ =z -w| <= ‘A’z’ - Aw!

Taking z’ = e;, w' = e3, we have
eIDeg =0= egDel.

Taking z’ = e; + ey, W = e; — ey, we have

(e1 + eg)TD(el —ey) = e]{Del — egDeg =X — X =0,
so D is scalar and A is a scalar multiple of a unitary matrix. Conversely, if A is a scalar multiple of a
unitary matrix, then ‘Az . AW‘ = |z - W| is true by the definition of unitary matrices.

In summary, the automorphism of the sphere induced by an invertible 2 x 2 complex matrix in terms
of Mébius transform is a rotation if and only if the matrix is a scalar multiple of a unitary matrix:

Rot(S?) = PSU(2).



