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For f € C?(f;R), a twice continuously differentiable function on an open set Q C R?, we
present a computation of the Gaussian curvature ), of the graph ¥ of f above any p = (x¢, yo) €
2. Since ¥ has a globally defined unit normal IV, s, is defined as the determinant of the linear
transform

VN :T,% = T,5, v~ V,N,

where 7,3 is the tangent plane of 3 at the point above p, and V, N is the directional derivative
of N along v. Recall that we may choose an arbitrary smooth curve r : (—¢,¢) — X with
r(0) = p, ' (0) = v, and always have

VN = (N or)/(0).
A pair of transverse curves gives a basis for T),X. We take
r1:(—e,e) = X, x (x4 20,0, f(z+ x0,Y0)),
rai(—e,e) = %,y (v0,y + Yo, f (20, ¥y + %0)),

and have
€1 = Tll(o) = (1707fx)7 €2 = TIQ(O) = (0’ 1;fy)>

if we embed 7}, into R3 canonically. Let
TR =R (2,y,2) = (2,y)

be the orthogonal projection onto the first two components; then {m(e1), 7(e2)} is the standard
orthonormal basis of R?, which turns out to simplify the computations significantly. By taking
the upward-pointing unit normal, we have

€1 X ez . ( fl’7 fy7 ( fﬂh fy7
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The next job is to compute the two directional derivatives V¢, N, Vo, N. Using the two
curves 71, 72, we have the relations

Ny =

Ve,N = (Nor)(0)=N,, Ve, N = (N or3)'(0) = Ny,

where N, and N, are the partial derivatives of IV at p in the x and y directions, respectively.
Since N, N, € T,> = span(eq, e2), there exist coeflicients a,b, c,d € R such that

N, = aeq + beg, Ny = ce1 + des.
Under the projection 7, we immediately find that the Jacobian matrix of VN in the basis

{e1, e2} equals
a c| N} Ny1
b d| N2 N}’
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where
NI:(N;7N§7N§)7 Ny:(NylaNjaNg)'

Lastly, we compute N}, N2, Nyl, Ny2. By denoting

w=Vf=1[fz f],

we have

N = <_f1‘>

’ VI+tuwuT/,
o T T — f 20l
1+ wwT
= (1+ wa)_% (= foa (1 + ww”) + fruwl).

Similarly,

N = (1 ww?) F (= a1+ ww?) + frwnT)

N2 = (1 wa) " (= f1 + we®) + fwud)

Ny = (1+ wa)ig (= fay (L +ww") + foww) ),

Ny =(1+ wa),g (= fyy (1 +ww”) + fyww]) .
As a result,

kp = N;N; — N2N,

B =3 | fee (1 4+ wwT) + foww!l  —fo, (1 +ww?) + fyuwwl
= (1 T ww ) —fay(1+ ww’) + fxwwg —fyz(l + ww?) + fzwwg
‘—fm(l + wwT) — fay(1 + ww’) . ' Lwwr fywwf
_ (1 n wa) 3| | fay(1+ ww’) —fyy(1 + ww) — fay (1 + wa) —fyy(1 + ww’)
_facr(l + wa) _fmy(l + wa) fxwwg fywwg
* fxwwyT fywwg fxwwg fywwg
(1 + ww’)? |Hessf]|
-3
= (1 + wa) 1 T f:v fy f:r:p _fm:r _fxy fxy
+( o ) Ux fy] _fxy _fyy fxy + fa: fy fyy
=(1+ wa)_3 (1 +ww™)? [Hessf| — (1 + ww”) w [Hessf| w”)
=(1+ wa)_3 (1 +ww™)? — (1 +wwh)ww’) [Hessf|
|Hess f|
(14 ww?)?’

Here |Hessf| denotes the determinant of the Hessian matrix. We conclude that
|Hess f|
2\?’
(1+ 911

Rp =

In particular, at critical points, where V f = 0, the Gaussian curvature equals the determinant
of the Hessian matrix.



